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Exercise. Let (X, M, µ) be a measure space and let f ∈ L1(X, M, µ) be such that f(x) > 0 almost
everywhere. Let E ∈ M be such that ∫

E
fdµ < ∞.

Prove that
lim

k→+∞

∫
E

f
1
k dµ(x) = µ(E).

Solution.
∫

E
fdµ < ∞ =⇒ f(x) < ∞ for almost every x ∈ E

=⇒ lim
k→+∞

f
1
k (x) = 1 for almost every x ∈ E

Let E1 = {x ∈ E : f(x) ≤ 1} and E2 = {x ∈ E : f(x) > 1}.

=⇒ E = E1 ∪ E2 and E1 ∩ E2 = ∅

=⇒
∫

E
f

1
k dµ =

∫
E1

f
1
k dµ +

∫
E2

f
1
k dµ

Note: ∀x ∈ E1 and k, ℓ ∈ Z+,

f
1
k (x) ≤ f

1
k+ℓ (x) since f(x) ≤ 1

=⇒ lim
k→+∞

∫
E1

f
1
k dµ =

∫
E1

lim
k→+∞

f
1
k dµ by the Monotone Convergence Theorem

= µ(E1) since lim
k→+∞

f
1
k (x) = 1 for almost every x ∈ E

And ∀x ∈ E1 and k ∈ Z+,

f
1
k (x) < f(x) since f(x) > 1

=⇒ lim
k→+∞

∫
E2

f
1
k dµ =

∫
E2

lim
k→+∞

f
1
k dµ by the Dominated Convergence theorem

= µ(E2) since lim
k→+∞

f
1
k (x) = 1 for almost every x ∈ E

Thus, ∫
E

f
1
k dµ =

∫
E1

f
1
k dµ +

∫
E2

f
1
k dµ

=⇒ lim
k→+∞

∫
E

f
1
k dµ =

(
lim

k→+∞

∫
E1

f
1
k dµ

)
+

(
lim

k→+∞

∫
E2

f
1
k dµ

)
= µ(E1) + µ(E2)
= µ(E)
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