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Point-Set Topology Qualifying Exam
August 2017: Problem 1 Solution

Exercise. Let (X, M, p1) be a measure space and let f € L'(X, M, ) be such that f(z) > 0 almost
everywhere. Let £ € M be such that

/ fdp < oo.
B
Prove that )
Jim [ fhdu(@) = p(E).
/ fdu < oo = f(z) < oo for almost every x € E
E
— lim f %(1‘) =1 for almost every z € E
k——+o0

Let By ={x € E: f(x) <1} and By ={z € E: f(z) > 1}.
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— /f%duz/ f%dwr/ frdu
E FE1 Es
Note: Vr € E; and k,/ € Z™",
fE(x) < f7 (2) since f(z) < 1
= lim f %d,u = lim f %d,u by the Monotone Convergence Theorem
k—+oo JE, Eq k—+o0
= u(Ey) since kliI_P f%(x) =1 for almost every v € £
—+00

AndVx € E) and k € ZT,

fr(x) < f(x) since f(z) > 1
= lim f %d,u = / lim f %d,u by the Dominated Convergence theorem
k—+00 J Ey Ey k—+o0
= (FEs) since khrf f%(:v) =1 for almost every x € £
— 400
Thus,
[ rtdu= [ frdu+ [
E E4 Es
I /ld:(l’ 1d> (l' ld)
= i Jo rn= i f, rn) ¢ (i f 7R
= u(EL) + p(Er)
= n(E)




